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ABSTRACT 

It is shown that if G is an infinite compact abelian group, then L p (6") has the 
upper majorant property only ifp is even orp = oo. 

1. Introduction 

Let G be a compact, abelian group with dual group F. A trigonometric poly- 

nomial # is said to majorize another trigonometric polynomial f if g(7) ---_ If(Y)[ 

for all 7 in F. The space LP(G) is said to have the upper majorant property if there 

exists a constant A(p) such that 

Ilfllp A(p)II g I[. 
whenever # majorizes f .  It is easy to see for even integers p and for p = oo, that 

LP(G) has the upper majorant property with constant A(p) = 1. The aim of this 

paper is to show that if the group G is infinite, and if the index p is finite and not 

an even integer, then LP(G) does not have the upper majorant property. 

Before giving the proof, we discuss the history of  the problem. Hardy and 

Littlewood ]-3, p. 305] gave an example, for the circle group T, of trigonometric 

polynomials f and g such that g majorizes f b u t  [[fl[3 > II g 113; thus, if L3(T) has 

the upper majorant property, the constant A(3) mus t  be strictly greater than 1. 

Boas ]-2, p. 255] used the same method to show that if 2 < p < oo and p is not 

an even integer, then LP(T) cannot have the upper majorant property with unit 

constant; he also showed that if 1 < p < 2, then LP(T) does not have the upper 

majorant property. Finally, Bachelis [1, p. 121] used a suggestion of Katznelson 

t The research for this paper was partially supported by National Research Council of 
Canada Operating Grant A-4822. 

Received June 25, 1974 

157 



158 J . J .F .  FOURNIER Israel J. Math., 

to prove that LP(T) has the upper majorant property only if it has the property 

with A(p) = 1; hence LP(T) does not have the upper majorant property if 

2 < p < oo and p is not an even integer. Bachelis also showed that if G is infinite, 

and 1 < p < 2, then L~(G) does not have the upper majorant property. 

The main result of the present paper is not surprising, and in most cases the 

proof is like the one for the circle group. That is, we show that if LP(G) has the 

upper majorant property, then it has the property with unit constant; then we 

exhibit trigonometric polynomials f and 9, analogous to those of Hardy and 

Littlewood, such that g majorizes f and Ilfllp > II g lip. Surprisingly, the analogy 

fails in one special case, namely when G is an infinite product of groups of order 

2 and p is an odd integer. Fortunately, there is a different family of trigonometric 

polynomialsfand g that can be shown to have the desired properties in this special 

case. 

2. Proof of the main result 

THEOREM. Suppose that G is an infinite compact abelian flroup, that 0 < p 

< oo, and that p is not an even integer. Then LP(G) does not have the upper 

majorant property. 

PROOF. Without loss of generality, suppose that the Haar measure of G is 1. 

Fix an index p satisfying the above conditions. Since the theorem is already known 

for 1 --- p < 2, the case where p > 2 is the most interesting, but no such restric- 

tion on p wilI be needed in the proof. 

The following fact is implicit in [1, p. 121]. It allows us to reduce the proof of 

the theorem to a number of special cases. 

LI~MMA. Suppose that Gt is a compact abelian group and that LP(Gt) does 

not have the upper majorant property. Suppose that the dual group of  G t is 

isomorphic to a subgroup of the dual group of  G. Then LP(G) does not have the 

upper majorant property. 

PROOF OF THE LEMMA. Denote the dual group of G by F and the dual group of 

G1 by Ft. By assumption, there exists an injective homomorphism �9 : F1 ~ F. The 

dual homomorphism ~* : G ~ GI is continuous and surjective. In other words, we 

are assuming that Gt is a quotient group of G. Normalize the Haar measure on G t 

so that Gthas mass 1. 

Given A > 0, choose trigonometric polynomials f t  and gl on Gt so that gl 

majorizes f l  and 
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I1 f ,  II. > a II g, II.. 
Define functions f and !7 on G byf (x )  = fl(a*(x)) and 17(x)=#t(a*(x)). It is easy 

to verify that these functions are trigonometric polynomials, that g majorizesf, and 

that IIII1. = I11", II. and II 17 II. = II g, II.. Hence 

Ilfll. > A II 17 I1., 
and it follows that LP(G) does not have the upper majorant property. 

Returning to the proof of the theorem, we note that since G is infinite, so is its 

dual group F. We consider 5 possibilities. 

Case 1 [1, p. 121]. The group F has an element of infinite order 
Recall that LP(T) does not have the upper majorant property. This fact is usually 

only stated for p > 1, but the methods of [1, p. 121] and [2, p. 255] work equally 

well for p < 1. The dual group of T is the group Z of integers. By assumption, a 

copy of Z is contained in F; by the lemma, LV(G) does not have the upper majorant 

property. 

Case 2. Every element of F has finite order but there exist elements of 

arbitrarily large, finite order 

We proceed as in the proof of the lemma. Given A > 0, choose trigonometric 

polynomials f l  and g, on T so that g, majorizesfl and 

Ill, II. > A II 17, I1.. 
Let 7 be an element of F having order r. The image 7(G) is the set {co j} 5. = 1 of all 

rth roots of unity, and for each j the set of x in G for which 7(x) = o~j has measure 

1/r. Let f(x)=fl(7(x)) and g(x)= glO,(x)). Then f and g are trigonometric 

polynomials on G, and g majorizesf. 

Now 

j'o ' ~: l i , (- ,) l ' .  Is(x)l 'dx = ; , : ,  

The right side of this equation is a l i emann  sum for 

1 E 2-~ l i , ( e ' ~  " d o  - IIS, I1." 

Similarly, II o 11; is equal to a Riemann sum for II O, il;" Therefore, if r is sum- 
ciently large, 

Ilsll. > a II g 11.. 
Hence LP(G) does not have the upper majorant property. 
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In the remaining cases, there is a bound B < oo on the orders of the elements 

o fF .  It follows I4, p. 255] that F is a direct sum ~ Z(r~) of cyclic groups of order 

r,  < B. Since F is infinite, there is an integer r > 1 such that r~ = r for infinite- 

ly many ~. Thus F contains a subgroup isomorphic to the direct sum ET= 1 Z(r)j 

of countably many copies of Z(r). In view of the lemma, it suffices to assume that 

oo 

r =  Z z(r ) j ;  
1---1 

then G is the complete direct sum H j~ i Z(r)#. 
We first establish that if LP(G) has the upper majorant property, then it has the 

property with unit constant. Indeed, suppose to the contrary that there exist 

polynomials f and g, with g majorizing f ,  such that 

VII, > x II g 11,, 
for some constant A > 1. View each summand Z(r)i as a subgroup of F and let 

7~ be a generator of Z(r)j. Then for some n we have t h a t f a n d  g are linear com- 

binations of products of powers of 7t, 72, "", 7,. Form the corresponding combina- 

tions of products of powers of 7, + l, 7n + 2,'" ", 72,, and denote the new polynomials 

by f l  and gl. The product polynomialffl  is majorized by ggl- Because fandf l  are 

independent, we have that 

lifT, II, = VII,lIT, 11, = llfll;. 
Similarly, tl g o ,  II, = It g It,:. Therefore 

IIz, II, > a~ 11 ggi 11,. 
Iteration of this process shows that LP(G) does not have the upper majorant pro- 

perty. 

Case 3. The order r is strictly greater than 2 
The polynomials that we consider are analogues of those introduced for the 

circle group by Hardy and Littlewood [3, p. 305]. For small positive t, and an 

integer n to be chosen later, let 

u(x)  = t[~,dx) + ... + 7.(x)] 
and 

Then let 

f =  

Clearly, g majorizesf. 

v(x)  = t % ( x ) ~ K x )  ... ~.(x) .  

l + u - v  a n d g  = l + u + v .  
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Choose t small enough that b o t h f a n d  g take all their values in the open disc of  

radius 1 centred at 1. Then, using the branch of z p/2 that is analytic in this disc 

and that takes the value 1 at z = 1, consider the functions fp/2 and gp/2. These are 

actually trigonometric polynomials on G because they depend only on the values of  

71, 72," ' ,  7, and must therefore be linear combinations of products of  powers of  

these characters. By the binomial theorem, 

Expand each term (u + v) s by the binomial theorem; for small t the resulting 

double series for gp/2 converges absolutely, and all rearrangements also converge 

to #p/2. Let h be the sum of all the terms in the double series that involve even 

powers of v and let k be the sum of all the terms that involve odd powers of v. Then 

gp/2 : h + k and f v / 2  = h - k. 

L i k e f  p/2 and #p/2, the functions h and k are just real-linear combinations of pro- 

ducts of powers of 71, 72 , ' " ,  7,. That is, fi and/7 are real-valued and supported by 

the subgroup of F generated by 71, 72, ' " ,  7n; denote this subgroup by Fl .  

Now 

II g ll". - llfll". = I1 1122 - I I / "  1122 

= 2 fG [h(x)fc(x) + h(x)k(x)]dx 

= 4 E h(7)/C:(7). 
y~F! 

We consider the behaviour of  the terms in this sum as t -~ 0. 

The elements of F1 have the form 7 = H ~ = mj = 17j , w i t h 0 < m y < r f o r a l l j .  

Suppose first that all the m i are equal to 1. The multinomial expansion of  u" con- 

tains the term t"n !~. All other occurrences of 7 in the expansion of  h are accom- 

panied by the factor t n+', or by some higher power of t. Thus, as t -~ 0, 

~(7) = (P~2) n, t" + o(t"). 

Similarly, 

Hence 

P t n IC(D = + o(r) .  

~(~)~(~)  : (P(?t " !  ~0/2) /2"  "Jr" o(lln) �9 
\ h i  
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Next suppose that ~ = I-I " "~ = s=IYs with all m s >  1 and some m s > l .  Let 

m = ~ .  = 1 rn s; then m > n. As above, we have that, as t -~ 0, 

/~(~) = O(t m) and k(V) = O(t"). 

Hence 
nt(y)/~(y) = O(t TM) = o(t2"). 

Finally, suppose that some m s = O; let I be the number of ross that are O. Then 

ra _>_ n - l, and 

h(r) = o ( t ' )  = o(t"-~).  

On the other hand, to obtain the term y in the expansion of k, one must multiply 

v by1- [ (mj=0)y~ - t  and by the accompanying powers of t. It follows that 

~(y)  = O(t"t l~'-l)) = O(t"+et), 

because r > 2. Therefore 

h(~)~(~)  = o ( t  2"+~) = o(t~"). 

Combining these estimates we have that, as t ~ 0, 

llfll; -- (p 2)nt  2p)e" + ore"). IIg 11; i 

Since p is not an even integer, we can choose n so that (p~2) < 0. Then, for sufti- 

ciently small, positive t, we have that 

II g I1; - Ilfll, < 0 
Case 4. The order r is 2 and the index p is not an integer 

Define the polynomialsfand g as in the previous case. We can proceed as before, 

but the analysis is more complicated in this case, because none of  the products 

h(~)/~(7), for ~ in FI,  are o(t 2") as t ~ 0. Fortunately, there is an easier way. 

Because r = 2, the characters ~s take the values + 1 only. Therefore for small, 

positive t, both f and 9 are positive. Hence, using the branch of  z p that is posi- 

tive on the positive real axis, we have that 

fo f ( x )  pdx and Ilg l[g = fo llsll  

It follows that everything depends on the behaviour as t --, 0 of the constant terms 

in the polynomia ls f  p and gP. 
Expand gP by the binomial theorem. Again let h be the sum of all the terms in 

the resulting double series that involve even powers of v, and let k be the sum of  

all the terms that involve odd powers of v. Then 
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gP = h + k  and fP  = h - k .  

The constant term in h is 1 + O(t2). 

The first term in the series for gP that leads to a constant term in k is the term 

P u+v) n+t; ~ t ( n +  1)( ac~ termarises when vismultiplied byHj=x ( Yt)" Thus, 

the constant term in k is 

(n P ) (n + l)l t~" + l 

Sincepisnotaninteger, w e c a n c h o o s e n s o t h a t (  p ) n + 1 < 0. Then, for small, 

positive t, the constant term in k is negative, while the constant term in h is posi- 

tive. For such t, the constant term i n f  v is greater than the constant term in g~ and 

IIfL > ]l o [I. 
By the same analysis, this type of counterexample cannot arise if r = 2 and p is 

an odd integer, for in this case the constant term in k is positive for all small t. 

Case 5. The order r is 2 and the index p is an odd integer 
Let n > p be an odd integer. For - 1 < t < 1, consider the po lynomia l f  on 

G given by 

f, x) = ]: tax) + t H ?Ax). 
j = t  j= t  

Note that, because n is odd and I tl < 1 , f (x)  is never 0. Hence, even i fp  = 1, the 

derivative d/dt If(x) [" exists. 

Let F(t) = [If 1] ~,. We want F'(0) to be negative, because if it is, then for small, 

positive t we have that I]f lip < ]lf-t lip, although f majorizes f_, .  Now 

j = l  

The integrand depends only on the number of 7j that are equal to - 1  at x. 

Denoting this number by s, we have that 

fo(x) = n - 2 s ,  and 12[ ?~(x) = ( - 1 )  ~. 
j=l  

Moreover, the set of  all x in G for which exactly s of the ?y are equal to - 1 at 
x has measure 2-"(~). Finally, since p - 1 is even, I f0 ] ' - I  _- foP- 1. Thus 
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F'(0) = p 2 - "  2 (n - 2s)P-lsgn(n - 2s ) ( -1 )  s. 
s = 0  

Now the above sum is negative i fp  is odd, n > p, and n - p = 2rood 4. This fact 

is surely known, but there seems to be no reference for it; so we give a proof. 

The sum is clearly 0 if n is even. Suppose that n is odd and n > p. Let 

H(O) (-dO) p-~ = (sin 0)" 

�9 . d p - 1  
= (20-  ( ~ )  ( e i ~ 1 7 6  n 

L e t / 7  be the conjugate function of/-/. That is, 

(:) H(O) = (2i)-ni p-I ~ (-1)S(n - 2s)P-t[-isgn(n - 2s)]e ~("-2sl~ 
s = 0  

Then 

F ' ( 0 )  = - p i " - ' ] 7 ( 0 ) .  

Now 1 f'~ (_~20)dO.  q(o) = ~ j_  H(0)cot  

The conjugate-function integral is usually singular, but in this case, because 

n > p - 1, H has a zero of order at least one at 0, and the integral converges 

absolutely. Since p - 1 is even, and n is odd, H is an odd function; thus 

Integrating by parts p - 1 times, we find that the integrated terms vanish at the 

end-points, and 

fo" [(.;, (0)] /4(0) = 1 (sin 0)" cot dO 
)-0 " 

Now, since p - 1 is even, (d/dO) p- 1 cot(0/2) is positive in the interval (0, ~). Hence 

/t(0) < 0. To make F'(0) < 0 we need only arrange that i ~-p = - 1 .  Since this 

happens if n = p + 2, the proof  of the theorem is complete. 

REMARK. An inequality related to the one used above is that 

~ m + 1 (_l)S(  m +  1 - 2 s )  psgn ( m + l - 2 s ) < 0  
s = O  S 
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if p is odd, m > p, and rn - p = 2 mod 4. There are two equivalent ways to use 

this inequality to deal with Case 5. First, using the notation of  Case 5 with 

n = p + 2, we can show that liT-, I1. > liT, II, Second, we can consider the 

polynomials f and # of Case 3, with n = p +  1 and t = 1, and show that 

Ilfll. > II a I/,. The methods are equivalent because, under the stated conditions, 

the functions [ f - t  [ and Ifl have the same distribution of values, as do IAI and l g I" 

3. Consequences of the main theorem 

The exact majorant of a trigonometric polynomial f  is the polynomial g satisfying 

-- I l l .  In E2, p. 2553, and in Cases 3, 4, and 5 above, various examples are given 

of  polynomials f with exact majorant # such that 

tlsli, > il g It,. 
in all cases, the coefficients of f a r e  real. With minor modifications, the arguments 

in this paper and in (1, p. 1211 stlow that if G is infinite and p is finite and not an 

even integer, then for each constant A > 0 there exists a polynomial f ,  with real 

coefficients and exact majorant #, such that 

ilsll, > 11 g I1,. 
We suppose for the rest of the paper that 1 < p < ~o. [1, Th. 3, p. 126] lists 8 

equivalent statements, the first being that LP(G) has the upper majorant property; 

hence all of  these statements are false if G is infinite and p is not an even integer. 

The second statement on list is that if q~ is a function on F such that l~bl < 

for some function # in Le(G), then ~b ~ LP(G) ̂ , that is, there exists a function f in 

LP(G) with f = q~. Thus, if G is infinite and p is not an even integer, there must 

exist a function a in LP(G) and a function ~b on F such that ~ ~ but 

q~ ~ LP(G)^. Write ~b = ~k ~ with ] r < 1. Then ~k is the average of two functions 

of absolute value 1. For one of these functions, ff~ say, we must have that 

~1~, ~ LP(G) ̂ . In other words, if G is infinite and p is not an even integer, then there 

exists a function c on F such that tel ELP(G) ̂  but c~LP(G) ̂ . This resutt is new 

for p > 2. For  p < 2, it is proved by another method in [1, p. 122] and then used 

to show that LP(G) does not have the upper majorant property. By a different 

argument, we can show that the function c above can be taken to be real-valued. 

Statement 6 on Bachelis's list is the lower majorant property for L q (G), the 

dual space of LP(G). This asserts that for each function f in L ~ (G) there exists a 

majorant g in L ~ (G) with 
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II g --< A )IITL. 
Statement 7 is that each function in Lq(G) has a majorant in Lq(O). If G is infinite, 

then, by the results of the present paper, these statements hold only if p = oo or 

p is even, that is only if q = 1 or q belongs to the sequence 

4 6 8 
2, 5 ,  
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